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INTRODUCTION. 

In this age characterized by huge resources of mechanical 
and electrical power, these agencies have in many fields almost 
completely replaced human muscular power. In a similar 
way the functions of human operators are being taken over 
by mechanisms that  automatically control the performance 
of machines and processes. Automatic control is often more 
reliable and accurate, as well as cheaper, than human control. 
Consequently the s tudy of the performance of automatic 
control devices is of particular interest at the present time. 

Automatic control devices are of two principal kinds. In 
the first kind the control is actuated by some quanti ty such 
as time which is more or less independent of the result of the 
control operation. Time-operated traffic-signal control is an 
example of this first kind. With this type of control the flow 
of traffic resulting from the action of the signal lights in no way 
affects the cycle of operation of the lights. In the second 
kind, the control is actuated by a quanti ty that  is affected by 
the control operation, and for this reason it may be called a 
"closed-cycle" control. An example of this kind is the ther- 
mostat  in which the temperature-sensitive element controls 
the amount  of heat supplied to some object such as a process 
furnace or a house, while the temperature of the object 
actuates the thermostat. The first kind of control may be 
superimposed upon the second kind as in the case of a house 
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thermostat whose setting is changed periodically by a clock. 
The second kind is also illustrated by certain traffic light 
controls in which the cycle of light operation is automatically 
adjusted by the flow of traffic. Another example of the 
second kind of control is automatic ship steering. Here the 
rudder operation is actuated by the angle between compass 
and hull, while this angle is in turn affected by the rudder 
operation. 

The distinction between these two kinds of control is 
made because of important  differences in the nature of the 
control mechanism required in the two cases. In the first 
kind the source of the control usually has sufficient Power to 
operate the control mechanism directly. Thus synchronous 
motors are available which can cheaply and accurately effect 
time control for practically any device. In the second kind, 
however, the source of control is some form of measuring 
instrument which very seldom can deliver any appreciable 
force or power and give usefully accurate indications. The 
operation of the actual control element nearly always requires 
much greater power than that  available from the measuring 
instrument. Consequently some intermediate device for am- 
plifying the power of the measuring instrument, while pre- 
serving its indications, is essential. When the output element 
of such a device is so actuated as to make the difference 
between the output and input indications tend to zero the 
device is called a "  follow up" mechanism or servo-mechanism. 
In what follows a "servo-mechanism" is frequently called 
merely a "servo." 

In the thermostat  or controlling pyrometer, 1' 2.3 the meas- 
uring instrument takes various forms. One of the simplest is 
the bimetal element or other differential expansion device in 
which the indication is a mechanical displacement. Other 
forms are the thermocouple and the temperature-sensitive 
resistance in which the indication appears as an electric 
potential difference or current. In nearly all cases, the energy 
associated with these indications is very small while the actual 
control is effected by a valve, switch, rheostat, damper, or 
other device requiring considerable energy for its operation. 
A servo-mechanism or other amplifier bridges this gap in 
energy level. 

1 For  n u m b e r e d  references see b ib l iography .  
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Considering the ship-steering example, this disparity exists 
between the energy magnitude associated with the measuring 
instrument, a compass, and that  associated with driving the 
rudder. In small craft with a direct wheel-to-rudder drive, 
the helmsman serves as a human servo-mechanism. In larger 
craft, the steering engine is a servo-mechanism between wheel 
and rudder, while the helmsman is still a human servo- 
mechanism between compass and wheel. With automatic 
steering the helmsman is replaced by a servo-mechanism 
which in turn controls the steering engine. Alternatively, 
the entire compass-to-rudder drive may be considered as a 
single servo-mechanism. 4' ~' 8, 7, s 

Thus it is seen that  a servo-mechanism is very likely to 
form an essential part of any closed-cycle control system. 
Servo-mechanisms are also used merely to produce the indica- 
tions of measuring instruments at a relatively high power level. 
Many recording instruments contain illustrations of this 
use2, z, 3, 22, 23 

Applications of servo-mechanisms, in addition to those al- 
ready mentioned, include the speed control of steam turbines 
and water wheels by governors ; 9 the control of these governors 
by master clocks or by power-indicating instruments; 9, 10, 11, 12 
the stabilization of ships by gyroscopes; 13, 14, 15, 16, 17 the oper- 
ation of gyro-compass repeaters; 6, 7 the automatic stabiliza- 
tion and guiding of aircraft; is, 19, 20, 21 and in fact the automatic 
recording or control of almost any measurable or measurable 
and controlable physical quantity2, ~, 3, 22, 23, 24, 25, 26, 27, zs 

It is apparent that  servo-mechanisms form a vital link in 
the application of automatic control and that  a s tudy of their 
performance is of importance. The purpose of this paper is 
to present an analysis of the operating characteristics of cer- 
tain important types of servo-mechanisms. 

Although the subject of servo-mechanisms has been treated 
in a qualitative or semi-quantitative way in some of the refer- 
ences given above, to the writer's knowledge no systematic 
quantitative t reatment  of even the simple common types has 
previously been given.* It seems worth while, therefore, in 

* Minorsky's first paper, ref. 4, gives an excellent analysis of the rudder-hull 
dynamic system in the ship-steering problem which bears some resemblance to the 
problem of the continuous-control type of servo here treated.  Specific references 
to his results are given later  in the paper. 



2 8 2  H . L .  H A Z E N .  [J. F. I. 

view of the rapidly expanding field of application of servo- 
mechanisms, to present the beginnings of such a treatment,  
outlining quantitatively at  least a few of the important 
properties of the familiar types. Preceding the quantitative 
treatment,  a general discussion of servos and of properties of 
three important types will be given.* 

GENERAL CHARACTERISTICS OF SERVO-MECHANISMS. 

Before going into further detail regarding the performance 
of servos it will be well to define more explicitly what is meant  
by the term servo-mechanism. As stated before, a servo- 
mechanism is a power-amplifying device. However, its action 
differs in one essential particular from that  of a simple vacuum- 
tube or mechanical power amplifier.t Such an amplifier pre- 
serves approximately a given functional relation, usually 
linear, between input and output quantities, due to the prop- 
erties of the amplifier itself. Thus in a good vacuum-tube 
amplifier, the current output is very closely proportional to 
the voltage applied to the grid of the first tube. This linearity 
of response is due to the constancy of the parameters within the 
amplifier. Any departure from constancy of these parameters 
affects the relation between input and output  directly. 

The servo-mechanism differs from the simple amplifier in 
that  the responsibility for the functional relation is not placed 
directly on the amplifying element of the servo. Here it will 
be necessary to distinguish between the input to the servo- 
mechanism, which is the indication of the measuring instru- 
ment, and the input to the amplifier element in the servo 
which is something different. The output of the servo ampli- 
fier element can be considered as the output  of the servo, 
however. In a se/-vo-mechanism, the input to the servo 
amplifier element is connected to the difference between the 
servo input and output. When this difference is finite the servo 
output  is driven in such a manner as to tend to make this 
difference zero. Thus the only function of the servo am- 

* In a companion paper, the design and tes t  of a high performance servo- 
mechanism, designed on the basis of the  analysis in the present paper, is given. 

t For a description of an ingenious and successful mechanical torque (and 
hence power) amplifier developed by Mr. Neiman of the Bethlehem Steel Corpora- 
t ion see reference 29, bibliography. 
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plifier element is to apply sufficient force to the servo out-  
pu t  to bring it rapidly to correspondence with the servo 
input. Such an amplifier element can be a relatively crude 
affair. In fact it may  consist merely of a suitable relay or 
switch controlling an electric motor. An illustration of this 
action is furnished by a servo-mechanism used on an early 
model of a machine for solving differential equations. 3° The 
servo input  was the angle of a rotat ing shaft, the ou tpu t  was 
the angle of another  rotat ing shaft. When these two angles 
differed, a contact  started the electric servo-motor which 
drove the ou tpu t  shaft in the direction to restore coincidence 
of the angles. 

A servo-mechanism may thus be defined as a power-amplify- 
ing device in which the amplifier element driving the output is 
actuated by the difference between the input to the servo and its 
output. An ideal servo-mechanism is one in which the input  
and ou tpu t  indications (expressed in common units) are equal 
at all instants of time. ~Although the ideal servo is never 
realized in practice, its operation furnishes the s tandard by 
which the operation of actual servos is judged. 

When compared to the ideal, an actual servo-mechanism is 
subject to two principal defects, oscillation and lag. Oscilla- 
tion is a periodic deviation of ou tpu t  from input.  Lag is an 
average or unidirectional deviation. Either or both of these 
forms of deviation are always present in some degree and it 
is the purpose of design to reduce these deyiations to a 
magni tude which is negligible in any particular application. 

A servo-mechanism is by nature  the type of device in 
which oscillation would be expected to occur if definite pre- 
ventat ive means were not  employed. To simplify the dis- 
cussion, assume tha t  the input  indication is a constant.  The 
ou tpu t  is acted upon by a force tending to return it to coinci- 
dence with the input. In the absence of damping forces such 
a system would oscillate indefinitely at  any ampli tude at  
which it was started. Suitable damping reduces these oscilla- 
tions to a small ampli tude or prevents them altogether, 
depending on the type of servo. In certain applications, small 
oscillations may  be useful in minimizing the effects of friction 
by making the dynamic rather  than the larger static coefficient 
effective. At best this scheme reduces one evil at  the cost of 
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introducing another. The friction evil might better be treated 
by increasing the ratio of driving torque to friction torque. 
Continuous oscillation necessarily introduces relatively large 
wear and tear in moving parts. Oscillation, then, is to be 
tolerated only as an evil justified by cost or by being the lesser 
of two optional evils. 

Lag occurs in some degree in practically all servo-mechan- 
isms when the input has motion. That  is, the output indica- 
tion at  a given instant corresponds to that  of the input a 
short time before. In some applications the effect of lag 
may be negligible while in others it may be very seriousY ° 
It does no harm, for example, in a recording-instrument servo 
provided the magnitude of the lag is less than the permissible 
error, and provided this source of error is taken into account 
in the design of the instrument. In a closed-cycle control 
system, however, lag in the servo-mechanism frequently intro- 
duces negative damping into the system as a whole, which 
must be overbalanced by positive damping from some other 
source if the system is to be stable.* Consequently it is an 
effect that  must be carefully considered. 

The quantitative study of oscillation and lag requires a 
separate analysis for each type of servo. Some servos are 
inherently oscillatory while others can be made non-oscillatory 
by suitable design. Three main types in common use are 
treated in this paper and will be described briefly before 
proceeding to the mathematical analysis. 

The first type of servo-mechanism and one that  is widely 
used because of its simplicity, may be called a relay servo, 
because of the essentially "off"  and "on" nature of the forces 
acting on the output element. Several forms of gyro-compass 
repeaters, automatic pilots, and gyro-stabilizers for ships use 
this type of servo. 6, 13, 14.1~, is, 2o, 21, 27 In this type the restoring 
force applied to the output element is usually substantially 
constant in magnitude, while operative. Ideally, this force 
would be brought into operation by an infinitesimal deviation 
of the output from the input but practically it is usually 
necessary to have a small range of deviation over which the 
restoring force is inactive. If the inactive deviation range 
were infinitesimal, and if there wereno time lag in the applica- 

* For example see ref. 4 (I922), PP. 305 -8, and ref. 30. 
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tion of the restoring force, this servo could be made to operate 
with an infinitesimal ampl i tude  of oscillation, an infinite fre- 
quency of oscillation, and an infinitesimal lag error. It  is 
quite evident  that  such operation represents a limiting case 
which at  best can only be roughly approached with actual 
physical apparatus.  Practically the ampli tude and frequency 
of oscillation are finite, and in most cases lag error is present. 
The limiting case is of interest however from the point of 
view of analysis and from its significance as an ideal. 

This type of servo has certain disadvantages. The rather  
sudden application of the entire available driving torque, first 
in one direction and then in the other is conducive to large 
wear and tear of the entire mechanism. In practice the 
restoring force is usually initiated by electric contacts which 
may  be somewhat troublesome especially when only very 
small forces are available for their operation. This type of 
servo has the asset of simplicity, however, and may be useful 
where static friction in the mechanism is troublesome, and a 
relatively crude type of control suffices. 

The second type of servo-mechanism is one in which the 
correction of the ou tpu t  is made in finite steps at  definite t ime 
intervals. This type is extensively used in recording instru- 
ments  and controllers for quantit ies that  vary relatively 
slowly.i, 2, 3, 9.10 It is well illustrated by a temperature  re- 
corder in which the position of the pen is periodically tested to 
ascertain whether  or not it corresponds to the indicated 
temperature.  If in error, the pen position is given a small 
finite change in the correct direction and a short t ime later 
its position is again tested, and so on. In this scheme, the 
magni tude of the step correction is usually made approxi- 
mately proportional to the deviation between ou tpu t  and 
input. When properly designed and adjusted this type of 
servo is non-oscillatory. The necessary conditions for non- 
oscillation are: first, tha t  any correction and the indication 
of it shall be substantially completed before a new test is 
made;  second, tha t  the correction applied shall not  be greater 
than  tha t  required to reduce the deviation approximately to 
zero ; and third, that  the inactive range over which the ou tpu t  
can vary without  causing a correction to be made shall be at 
least as large as the smallest possible correction step. 



286 H . L .  HAZEN. [J. F. I. 

A modification of this type is used in an automatic steering 
gear suitable for small craft. 8 The rudder, which is the out- 
put of the servo, is periodically displaced from mid position 
an amount approximately proportional to the error in the 
ship's heading, and then allowed to trail back to mid position 
before the heading is again tested and another temporary 
displacement is given to the rudder. 

Evidently the finite-step or impulse type of servo-mechan- 
ism can be non-oscillatory. However it does have a persistent 
lag error when the input is so varying that  corrections must 
be applied continually in one direction. It is also inherently 
somewhat slower than the other types of servos, since in 
order to be non-oscillatory, the driving force can be effective 
during only a fraction of the cycle of operation. 

The third type of servo considered here is one in which 
the restoring force, acting continuously on the output element, 
is approximately proportional to the deviation of the output. 

This type is rapidly coming into use and is now employed 
in a number of devices such as certain gyro-compass f o l -  
lowers, 6. 7 and various automatic recordersY 2' ~3, 24, 25, 26 By 
the use of suitable damping, its action can be rendered aperi- 
odic or oscillatory to any desired degree. .  Where a high 
speed of response, high sensitivity, and freedom from hunting 
are desired this type undoubtedly has the greatest possibilities 
of the three. Small deviations call into play only small 
restoring forces, hence its opera t ion lacks the somewhat 
violent nature characteristic of relay servos. Moreover, these 
small forces can be called into play promptly and large devia- 
tions are thereby avoided. This type can be built to have 
very rapid response. 

A servo-mechanism of this third type, described in a 
companion paper, capable of operating on the output  of a 
photo-electric cell and of delivering about one-tenth of a horse 
power has been built which substantially completes the correc- 
tion of a small deviation in about one-twentieth of a second. 
If desired this speed could undoubtedly be improved by a 
factor of five using the same basic design. This servo- 
mechanism as normally operated is aperiodic in response.* 

*See footnote on p. 282. 
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Having discussed the general characteristics of servo- 
mechanisms, and the method  of operation of three of the 
most  impor tant  types, a t tent ion is turned to the analysis. 
In what  follows only a very simple dynamic system is t reated 
in detail, one in which friction, inertia; and a restoring force 
are associated with the ou tpu t  element. This representation 
is very close to the t ru th  for many  servos. For example, in 
the case of the continuous-control servo referred to above, 
test and calculation agreed within a small experimental error. 
In other cases, the idealizations made in order to make a 
usefully simple analytical t rea tment  possible may  depart  
somewhat  more from the facts. Nevertheless, the analysis 
of an idealized case gives a real insight into the characteristics 
of a given servo. In most  specific cases in which a general 
analytical solution is too cumbersome to be useful, a restricted 
analytical or a numerical solution can be readily made, taking 
into account departures from more idealized conditions. The 
methods of treating these more involved cases will be outlined 
briefly at  suitable points in the analysis. The first type to 
be considered is the relay-servo. 

RELAY-TYPE SERVO-MECHANISMS. 

The relay type of servo-mechanism is characterized pri- 
marily by a constant-magni tude restoring force brought  into 
play when the ou tpu t  deviates by some predetermined amount  
from the input.  This characteristic alone does not  fix the 
performance however as the effects of a number  of other 
factors are important .  Among these others are included: 
first, the type of dynamic  system to which this force is applied, 
which includes one or more inertia and friction parameters,  
and possibly elastance parameters;  second, the nature of the 
friction parameters,  whether  the frictional force is independent  
of, or a function of, the ou tpu t  velocity; third, the inactive 
range, or the limits of the ou tpu t  deviation within which the 
restoring force is not in action; fourth, the t ime delay between 
the indication tha t  the restoring force is to be applied or 
removed, and the actual application or removal of this force; 
fifth, the nature of variation of the input, whether  this varia- 
t ion is relatively slow so tha t  the servo maintains the ou tpu t  
at a substantially constant  value, or is rapid and unidirectional 
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so that  the servo must  move the o u t p u t  more or less continu- 
ously in one direction. Each of these factors must  be con- 
sidered in the analysis of any  particular case. A compre- 
hensive t rea tment  of all cases is evidently beyond the scope of 
this paper, but  a few significant cases will be analyzed and 
from the results obtained deductions can be made covering 
other cases. 

In this section an analysis is made of the cases indicated 
in the following outline: 

Relay Servo-Mechanisms. 

A. No inactive zone. 
I. Friction force proportional to velocity (viscous 

friction). 
2. Friction force independent  of velocity (Cou- 

lomb friction). 
B. Finite inactive zone. 

I. Friction force proportional to velocity. 
2. Friction force independent  of velocity. 

C. Cases A and B with time delay. 

The properties of particular interest are the ampli tude of 
steady-state oscillation, and the magni tude of the average lag 
error as a function of the input  speed. These quanti t ies will 
be determined in what  follows. 

Because the ou tpu t  of many  servos i~ in the form of me- 
chanical rotation the analysis is given in these terms. How- 
ever, the equations can be used as given for certain other  
systems, by merely redefining the symbols in terms of the 
analogous parameters of other types of motion such as 
mechanical translation or electric current. A more specific 
discussion of this subject is given further on in the paper. 

Case AI. Relay-type servo having no inactive zone a n d  
output-e lement  characterized by inertia and viscous friction. 
Three different conditions of operation of this servo will be 
considered : first, s ta t ionary input  and zero t ime lag in applica- 
tion of restoring force; second, s tat ionary input,  and finite 
t ime lag; third, uniformly varying input, zero t ime lag. For 
each of these conditions the ampli tude of steady-state oscilla- 
tion and the lag error will be determined. 

For the first condition consider the action of the physical 
system shown schematically in Fig. I. 
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Schematic diagram of the significant dynamic elements of the relay-type servo-mechanism. 

Let  0~ = angle of servo input  (radians), 
0 = angle of servo ou tpu t  (radians), 

20, = inactive range (radians) ( =  o for case A), 
J = m o m e n t  of inertia of servo referred to ou tpu t  

(gm. cm2), 
f = friction or damping torque per uni t  angular  ve- 

locity of ou tpu t  (dyne cm. per radian per sec.), 
± r = restoring torque acting on ou tpu t  (dyne cm.), 

d 
p = ~ ,  the t ime derivat ive operator,  

o~ = p o  = angular  velocity (radians per sec.). 

The  restoring torque r is normal ly  of sign opposite to tha t  of 
the quan t i t y  0~ - 0. A sketch of 0 for one cycle of s teady- 
s tate  operat ion is shown in Fig. 2. To find the ampli tude of 

FIG.  2.  

e 

o 

s teady-s ta te  oscillation it is necessary merely  to solve for the  
mot ion of the ou tpu t  over the range o < t < tl in terms of 

VOL. 218~ NO. I 3 0 5 - - 2 I  
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~o0, the value of pO at  t = o, and to make po at  tl equal 
to - o~0. The resulting equat ion in ¢o0 and the system param- 
eters determines w0 for s teady-s ta te  operation. 

For  the interval o < t < tl the differential equat ion of 

t = t l  ] 
0 = o  

i 

0) ~ ~ ¢00J 

motion is 
--  r - - f p o  = Jp20. 

The known terminal  conditions are 

t = o }  () 
0 - - - - 0  , 2 

03 ~ CO0 

(3) 

( I )  

In tegra t ing  (I) and inserting conditions (2) there results 

co = - co8 + (~8  + o~o)C *~r, (4 )  

0 = - + T(o 8 + - (5) 
in which 

T 
c0, - ~ - runaway  velocity of output ,  

J 

f 
Solving (4) for tl with ~0 = - ~00 and using this Value of tl in 
(5) for which 0 = o, there results 

COO 
I - -  - -  

In ' w------2~ + 20Jo = o; (6) 
I + o~o ~o8 

0)8 

Equat ion  (6) is satisfied only for vanishingly small values 
of o~0flo,. Since 00, is finite, 000 must  be vanishingly small. 
F rom this result  it is seen tha t  the  servo ou tpu t  in this case 
oscillates, but  a t  an infinitesimal ampl i tude  and an infinite 
frequency.  Physical ly this result is absurd for a n y  actual  
servo, hence the necessary conclusion is tha t  this case is too 
great ly  idealized to represent  the facts. I t  is of interest,  
however, as a limiting case. 

Because (6) is very  near ly satisfied for small finite values 
of o00/98, it is to be inferred tha t  only a slight depar ture  from 
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the assumed conditions could result in a finite ampli tude and 
frequency of oscillation. 

By taking t ime lag in the change of the restoring force 
into account, a practical case results. As the second condition 
then the results of t ime lag will be considered. 

This condition differs from the one just  t reated only in 
tha t  the restoring torque is changed in sign, not  when 0 -- o 
but  tl seconds later. A cycle of ou tpu t  angle and restoring 
torque is shown in Fig. 3a. The plan of solution is similar to 
tha t  just  used. 

FIG. 3. 

8 

0 

° I 

* 

, t 4  

Restoring torque and output angle for case AI with time lag present. Input stationary. 

For the  interval, o < t < tl, the differential equation of 
motion is 

r - f p O  = J p ~ O .  ( 7 )  

For the interval tl < t < t3 this changes to (I). The known 
terminal conditions are: 

t = o l  t= t2  l 
co= ¢oo~" (8) co = w2 = -- o~o for steady state ~ (9) 
0 = o J  0 = o  J 
and tha t  at  t = tl, 60 and O are continuous. Irftegrating (7) 
and (I), inserting the terminal conditions (8) and (9), and 
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equating the two resulting expressions for co at ! = tl, there 
results 

2cos  e--tilT 2f_ e(t2--t,)lT = ( I O )  

cos - -  coO 

Equating the two expressions for e at t = tl, 

co.(2tl  - t2) + T(coo - -  c o , ) ( 2 -  e - " / T  - eu~- ' ,  >/r) = o. ( I I )  

Substituting (IO) in (I I), solving the result for t2 and putting 
this in (IO), gives, after some algebraic reduction, the following 
equation in tl and coo: 

a2(I -- ~0)e 2e° -- 2a + (I -- ~0) = o, (12) 
in which 

a : ~. tIlT) 

coo 
~ o  ~ - - *  

cos 

This relation between coo and tl plotted in dimensionless form 
as ~20 vs. t l /T  is shown in Fig. 4. The conclusion drawn by 

FIG. 4. 

/ a  

.¢2o = ~ 

O.5 

. . /  
/ 

/ 

, 
/ 

/ 
/ 

/ 
/ 

0 
. 0  0.5 IO 

t,  
7- 

Amplitude of s t eady- s ta t e  oscil lation as a funct ion of t ime lag for case  AI. 

I 

Input  stat ionary.  
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inference from (6) above that  w0 might acquire a relatively 
large finite amplitude for even a small departure from the 
assumed ideal conditions is well borne out by Fig. 4. Evi- 
dently if a small amplitude is desired from this type of servo, 
it is very important  to make the time lag in the application of 
the restoring-torque change very small. This lag is the effec- 
tive lag due to all causes such as the time required to actuate 
relays and that  required to establish a torque after the neces- 
sary contacts, or valves, etc., have been operated. 

The third condition will next be considered. This condi- 
tion is similar to the first, i.e., time lag is not considered, but 
the input instead of being stationary is moving at a constant 
speed, 

po~ = o:~ "[ 
Oi watf' (I3) 

where wa is constant. A curve of the input angle 0i and the 
output angle 0 for a sample cycle beginning at t = o is shown 
in Fig. 5. The differential equations of motion are 

FIG. 5, 

0 

0 

o 

and 

- r - f p o  = J t ~ o  for o < t < tl (I4) 

r - - f p o =  Jp20 for tl < t < t2. (15) 
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For steady-state operation the known terminal conditions are 

t = o ]  t = t l  ] t = &  ] 
co ---- w0,~, ( I 6 )  co = w* }, (17) co = coo }. (18) 
0 = O J 0 = (.~a~XJ 0 = ¢0at2J 

Intergrating (14) and using the terminal conditions (I6), 
there results for o < t < tl: 

co = - o~, + (o~, + co0)~ -t/r, (19) 

0 = - o~,t W T(~, + co0)(I - ~-,/r). (20) 

For the interval tl < t < & the corresponding expressions as 
obtained from (15) and (17) are 

co = , , , ,  - (o~,  - , , , i ) ~  - ~ ' - ' , ~ ' ,  ( e l )  

= coo(t - -  t l )  -[- COati - -  T(o~, - -  5Ol)( I  - -  ~ - ( t - t l ) / ~ .  ( 2 2 )  

From the relations (17) to (22) the steady-state amplitude 
of oscillation can be obtained in terms of the relation of coo 
and o~1 to C0a, that  is in terms of the relation of the maximum 
and minimum angular velocities to the average angular 
velocity of the output. Let 

coa 

coo 
m =  ~0"" 
cos 
oil 

co8 

(23) 

Using (17) in (19)and expressing the result in terms of (23), 

(17) in (20) gives 

c ' , / ~  = - - .  ( 2 4 )  
I + ~ 2 o  

t_~ _- 1 + ~0  (1 - , - ' , ~ * ) .  ( 2 5 )  
T l + ~ a  

Using (24) in  (25) and solving the result for tl/T, and sub- 
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stituting this in (24) gives one equation relating 9~, t20 and 
t21 thus: 

I A V ~ I  
- - -  e -(~°-a~)/(1+~). ( 2 6 )  
: + t 2 0  

Another expression relating these same quantities can be 
obtained from (2I) and (22) with (:8). Using (I8) in (2I), 

I - -  ~0  
c (''-''>:~ = ~ "  (27) 

I - -  ~1 

(:8) in (22) gives 

t2 - -  t l  I - -  ~: 
- - T - =  : - u-----: (: - (28) 

Using (27) in (28) and solving the result for (t2 - t x ) / T  and 
substituting this in (27) gives the second equation relating 
fl0 and t2: to fl,. This equation is 

I -- ~ 0 _  e_(~o_~2D/(l_~a). (29) 
I - -  ~ I  

Equations (26) and (29) taken simultaneously suffice to 
determine f~0 and th in terms of fl~. No general analytical 
solution can be obtained, at least by elementary means. 
However from the result obtained for the previous case, i.e., 
for fl~ = o it is worth trying to see if a ~mall amplitude of 
oscillation satisfies (26) and (29). To do this let 

~0 = ( I  - [ - p o ) ~ a ,  

~1 = (I - -  P l ) ~ a ,  ( 3 0 )  

where p0 and m are small positive quantities. Furthermore 
if p0 and p: are small, they are presumably approximately 
equal. If a solution to (26) and (29) can be obtained on the 
assumption that  they are equal, this assumption will be 
justified. Assume tentatively then that  

p0 =. p: = p. (3:) 

Using (30) and (3:) in (26) and (29), the following expressions 
are obtained : 

+ m p  
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in which 

I - n o =  c 2 . ,  ' ( 3 3 )  
I + n o  

~a ~a 
i f / / - -  n = - - .  

I + ~ o '  I - ~. 

Expanding the left side of (32) by division and the right side 
by the exponential series, 

I - -  2 r a p +  2 m ~ p  ~ - -  2m3p 3 -{- . . .  

= I - -  2 r a p  - + - 4 m 2 p ~  8m3p3 
2 T + " " "  (34) 

Doing the same with (33), 

I - -  2 n o  + 2 n ~ p  2 - -  2 n 3 p  3 + . . .  

= I - 2 n a + 4 n 2 p 2  8n3°~+ " " .  (35) 
2 6 

(34) and (35) are satisfied for vanishingly small values of m0 
and no and are approximately satisfied for values of these 
quantities for which their cubes are negligible in comparison 
with unity. Barring the limiting case in which ~2~ = I, i.e., 
w~ = w,, (34) and (35) are satisfied by vanishingly small 
values of 0. Since 0 is the maximum fractional deviation of 
the instantaneous output angular velocity from the average 
or input velocity, it is seen that  the oscillations are of vanish- 
ingly small amplitude and of infinite frequency. 

Although as in the first condition, this is an idealized case 
that  cannot be realized physically, the result has interest and 
significance. It shows that  an ideal relay-type servo is ca- 
pable of following a constant input velocity with precision, 
i.e., without finite deviation in the nature of lag or oscillation. 
That  this condition could be approached even under ideal 
conditions is interesting. 

The inevitable presence of time lag in the change of the 
restoring torque causes a finite amplitude and frequency in 
any actual servo. This fact could be demonstrated by explicit 
formulation but the analysis will not be given here. Instead 
the effect of such time lag in this and other cases in which the 
analysis is unwieldy is discussed further on in the paper. 

Case A2. In the case just treated, the friction or damping 
force was assumed to be proportional to the velocity. In the 
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present case, the frictional force is assumed to follow the 
Coulomb law, tha t  is, to be independent of velocity. Other- 
wise the two cases are identical. As was done above, the 
response of the servo output for the condition of a stationary 
input will be treated first. As a second condition the effect 
of time lag is considered with the input stationary. A third 
condition with constant input velocity and zero time lag is 
considered last. 

In Fig. 6 the variations of the torques, the output angle 

~a 

FIG. 6. 

0 

~Uo 

OJ 

0 

F I 
- - - f - -  . . . . . . . . .  I 

z 

i 

Resu~n ~ ~ u e  

O 

Torques  and angu la r  velocity and angle of output  fo~" case A2. No t ime lag. Inpu t  s ta t ionary .  

and the output  velocity during a cycle of operation for the 
first condition are sketched. As before, the amplitude of 
steady-state oscillation and the output lag are the quantities 
of interest. 

Let 

± F = friction force, sign opposite to velocity. 
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The other quantities are as previously defined. 
ential equations of motion are 

-- r - -  F =  Jp~O= JpoJ 
and 

- r +  F =  J p 2 0 =  Jp~o 

The known terminal conditions are 

t = O } o  t =  h i  
o~ o~0, (37) ~ = o  }, (38) 
0 0 = 01J 

for o < t < tl 

for h < t < h. 

The differ- 

(36) 

(36a) 

t =  t2} 
~--'-~ ~2 • 
0 = 0  

(39) 

(39) in (45). gives 

where 

T--}- F 
O11 ~- , f  (42) 

Using (38) in (40) to obtain tl, and putting this value of tl in 
(4I) gives 

cO0 

0/1 

0 
1 m 0302 

20/1 

Integrating (36a) and evaluating the constants of integration 
by (38) and (43) give 

,., = - a2(t - h), (44) 

t ~ + 0/s coot Jr °~°2  0/2o~0~, ( 45 )  0/2 

2 0/1 2o t i  2Oll 

(43) 

r - F  
0/2 ~ .]- 

t2-- -  h I -4- 0/1 , ( 46 )  

where 

Integrating (36) and using (37) to determine the constants 
of integration give, for the interval o < t < tl, 

co = - 0/it + o~0 (40 )  
and 

0 - -  Celt~ + o~0t, (4 r) 
2 
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in which the plus sign alone is of interest since al > 0~2. 
Using (46) in (4o) it is found that  

~2 ~ 4 ~  1 . . . .  (47) O~ 0 

Since the second half of the cycle is identical in form with the 
first half, the ratio of initial to final velocity will be the same 
in both cases. The value ~04 of ~0 at t = t4 is then given by 

and 

604 ~2 ~ 
602 600 

60~ = __a2. ( 4 8 )  
600 0~1 

Equation (48) shows that  if the servo starts with a finite 
amplitude of oscillation, this amplitude is reduced by a con- 
stant factor each cycle, and thus the amplitude approaches 
zero asymptotically. In the steady-state, therefore, this ideal 
servo, like the previous one, oscillates with zero amplitude 
and infinite frequency when the input has a constant value. 

Although this condition if of interest as a limiting case, 
the effect of time lag is always present practically. As the 
second condition then, the effect of a definite time lag of tl 
seconds in the reversal of the restoring torque is considered. 
The nature of the  variations of angle, velocity, and torque 
with time in this condition is sketched in Fig. 7. Remember- 
ing that  during each interval when the resultant torque is 
constant, the motion is that  of a uniformly accelerated body 
and using the following terminal conditions, 

,=o! ,--,,] 
= 600,~, ( 4 9 )  ~ = o b ( 5 0 )  

o = o J o = o.J 

t=h [ 
= - 600 for 

0 _____  teadystate l ' 
(5 I) 

the following expression is obtained for 02 starting from the 
conditions at t = o: 

02 tootl + a2 I = - - t ,  ~ + (600 + o~tO ~. (52) 
2 2a l  
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FIG. 7. 

_•; su/z~anT" 7°rflue 

#. F 1 
___K_: . . . . . . . . . . . . . .  ~ I 

1 ; I 
O L _ _ I _ _  , ~C~ 2 . . . . . . . . . . . . . . . .  ~.. 

i lx 

Same as Fig. 6 except that time lag is present. 

Using (51) and writing an expression for 0~ starting from 
t = h, 

~g 
02 . . . .  ( 53 )  

2O/2 

Equating (52),to (53) and solving the result for w0 there 
results for steady-state operation: 

O/1 -71- OL 2 --~ ~20~1(0~ 1 "-+- 012) 
co0 = ~ t :  (54) 

Equations (54) and (53) give the interesting result that  
when the friction obeys the Coulomb law, the relay servo 
with a stationary input oscillates with an amplitude propor- 
tional to the square of the time lag in the restoring force 
change. In contrast to the previous case, similar except 
that  the damping was due to viscous friction instead of 
Coulomb friction, the amplitude due to a small time lag is 
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very small. From the point of view then of making the 
amplitude of oscillation small, a servo with Coulomb friction 
acting on the output  is preferable to one with viscous friction. 
This statement applies, as will be seen below, only to the 
condition with a substantially stationary input. 

The third condition is similar to the first for this case, 
except that  the input, instead of being stationary, has a 
constant angular velocity w~. 

In Fig. 8 are shown the general relations between the 

FIG. 8. 
_ _. .g-  T ]. 

0 " -- '---- -- 

/ 

o 

Similar to Fig. 6 except that input has constant input velocity ¢oa, 

torques, velocities, and angles, and time for this condition. 
It will be assumed that  the output velocity is always positive, 
i.e., that  although the output velocity varies above and below 
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the  average or inpu t  velocity,  it never  becomes negat ive ,  and  
t h a t  as a consequence the frictional force always acts  in the  
same direction. The  implicat ions of this a s sumpt ion  become 
ev iden t  in the  analysis. 

The  differential equat ions  of mot ion  are: 

- r -  F =  J p 2 0 =  Jpo~ for o < t  < h ,  (55) 

r - -  F =  J p 2 0 =  JpoJ for t2 < t < h. (56) 

The  known terminal  condi t ions  are: 

t=o] ,  t = h  ] t=t4l 
co= ¢Oo~,, (57) co= co~ ~, (58) o~= w4f.  
0 = o J 0 = co.t2J 0 = ~o~t 

(59) 

F r o m  (55) and the  terminal  condi t ions  (57) the  expressions 
for o u t p u t  veloci ty  and angle for the  interval  o < t < t2 are 
found to be 

¢0 = - -  o~lt + ~0 ,  ( 6 0 )  

0 = aa t2 ..[_ co0t (6I) 
2 

as before. F rom the value of 0 a t  t = t2 in (58) subs t i tu ted  
in (6I), the  value of t2 is found to be 

I~O -- C0at t ~ =  o o r 2  , (62) 
O~I 

the  second value only  being of interest .  
in (60) g i v e s  

OJ2 ~ 2~Oa ~ ~00. 

P u t t i n g  this value 

(63) 

In tegra t ing  (56) and eva lua t ing  the  cons tants  by (58) and 
(63), the  following expressions for veloci ty  and angle dur ing  
the  interval  t2 < t < t4 are ob ta ined :  

- -  - . ¢ O o  I + 2  , ( 6 4 )  
OL I OLI I 
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- -  0 2-t  2 ) - ( coo -co0)  r + 2  t2 
2 

 0(i 
a l  C~I / 

The value of t4 in terms of known quantities can be found by 
using the value of 0 given in (59) in (65) and is 

t4 = t2 or 2 .(eq q- a2) (coo -- coa). (66) 
O~ 10L2 

The second value is, of course, the only one of interest. Put- 
ting this value of t4 in (64) gives the angular velocity at the 
end of the, cycle in terms of the velocity at the beginning. 
This value is 

co4 = COo. (67) 

This result is surprising at first glance for it shows that  
this servo, under the given conditions, continues to oscillate 
with any finite amplitude at which it may happen to be 
started. That  this result is sound physically may be seen by 
considering the curve of resultant torque in Fig. 8. Even 
though friction is present, when it always acts in the same 
direction and is of constant magnitude, its effect is merely to 
increase the magnitude of the restoring force during the first 
portion of the cycle, and to decrease it during the second 
portion. Thus no damping action whatever is produced. 
This is the first case in which the relay-type of servo has been 
found to have the possibility of a finite amplitude of oscillation 
in steady-state operation under the ideal condition of zero 
time lag. 

This result, of course, holds only for the postulated con- 
dition that  the output velocity is unidirectional. If the am- 
plitude of velocity oscillation is sufficiently large in comparison 
with the input or average output velocity so that  reversal of 
the output velocity occurs, the action is quite different. Due 
to reversal of the output  velocity and therefore of the direction 
of the friction force, a damping action is produced and the 
amplitude of oscillation is reduced. This reduction continues 
until the output velocity just fails to reverse, when the damp- 
ing action ceases. Thereafter the output oscillations continue 
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indefinitely at such amplitude that  reversal of the output 
velocity just fails to occur. Time lag aggravates this con- 
dition in a way that  is discussed further on. 

Evidently this type of servo-mechanism with constant- 
magnitude restoring and friction torques is unsuited for use 
with other than a fixed or very slowly varying input, because 
of the absence of useful damping when the input has appre- 
ciable velocity. 

In the cases treated thus far the restoring torque has 
been acting at all instants either in one direction or the other. 
Actually there is always some inactive period which may be 
so small, however, in many instances tha t  its effect is insigni- 
ficant. In other instances, a finite inactive range, over which 
the deviation of input from output may vary without bringing 
the restoring torque into action, is purposely provided. The 
analysis of the performance of servos with-such an inactive 
range is therefore important and will be considered next. 

Case BI. In this case is considered a servo-mechanism 
having a constant-magnitude restoring torque and a viscous- 
friction torque acting on the output element. 

It differs from the servo with these properties treated 
under AI in that  the restoring torque is not brought into 
action until the output differs in magnitude from the input by 
some predetermined angle 0~. The analysis of this servo, 
while straight-forward and simple when carried out numer- 
ically for a particular case, is rather clumsy analytically be- 
cause of the large number of time intervals into which a cycle 
of operation must be subdivided. For each of these sub- 
divisions a different differential equation applies. Each inte- 
gration to obtain an expression for angle involves two con- 
stants determined by conditions at the beginning of the time 
interval. Since at least five such time intervals appear in 
one cycle the analytical expressions become rather cumber- 
some by the end of the cycle. 

Certain conclusions of value can be drawn without ex- 
plicit formulation, however. If this servo has a stationary 
or slowly moving input, the inactive zone allows the servo- 
mechanism to remain inoperative much of the time, since the 
restoring torque would be called into action only when the 
deviation exceeded the inactive or tolerance range 0,. I t  is 
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readily seen tha t  under  these conditions the ou tpu t  angle 
is uncertain within the range 4- 0, from the input.  

This servo will .not oscillate because all of the damping 
forces exist tha t  were present with no inactive zone. Con- 
sequently any initial oscillation will damp down to an ampli- 
tude tha t  lies within the inactive zone, and then cease entirely. 
The  effect of t ime lag in the application or removal of the 
restoring torque is discussed further on. 

When the input  of such a servo has an appreciable velocity, 
conclusions cannot be so readily drawn without  a mathe-  
matical formulation, which as seen above is cumbersome. 
Numerical computa t ion  is perhaps as direct a method  as any 
for obtaining an explicit result in a particular case. For a 
general s tudy covering all cases, mechanical methods are the 
most attractive.  Thus  on a device such as the differential 
analyzer 3~ many  particular solutions could be run off with 
relative ease. These solutions could take the form of curves 
relating the dimensionless variables O/On and t/T, with o~0/~0~ 
and o~/~0, as dimensionless parameters whose values would 
be different for each particular solution. All possible solu- 
tions could be represented on a series of curve sheets, each 
sheet containing a nest of curves of O/On vs. t/T with ¢00/oa, as 
a parameter,  all for a given value of ~o8/~0,. Each other sheet 
would be similar except that  it would be for a different value 
of oa,loa~. 

The case under discussion has not  sufficient interest to 
warrant  the presentation of such a set of solutions in this 
paper. However, the operation of this servo-mechanism will 
be illustrated by a numerical example using the following 
values: 

COs = 2, 

~0a = 0 .  5 ,  

¢00 = 1. 5, 

On - -  O. I ,  

T-----I. 

Any consistent set of units can, of course, be used. The  
results of this calculation are plot ted in Fig. 9 which shows 
a rather  rapid damping out  of oscillations. In the steady 
state the ou tpu t  oscillates with an infinitesimal ampli tude 

VOL. 218~ NO. I305--22 
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about the lagging limit, i.e., the limit at which the positive- 
direction restoring torque comes into action, or at an output 
angle 

O =  Oi- -  0~. 

This servo then has a definite lag angle O~ which is half the 
inactive range, assuming that  this range is centered on the 
output  position for exact correspondence between input and 
output. From these results it appears that  an inactive range 
has little usefulness from the theoretical point of view when 
the input is moving unidirectionally. Practically it may be 
necessary because of electrical contact difficulties or the like. 

That  the conclusions drawn from Fig. 9 for a constant 

FIG. 9. 

05. 

o 

o 05 10 f 15 ZO 25 
Curve showing output  angle vs .  t ime  for a sample  calculation of case BI  wi th  cons tan t  input  velocity 

~0a, and no t ime  lag. 

input velocity are of rather general application can be seen 
from the following considerations. Suppose the initial ampli- 
tude of oscillation is very large in comparison with the width 
of the inactive zone. Then the analysis given under case AI 
will apply approximately, leading to a smaller amplitude, 
when conditions will become similar to those shown in Fig. 9' 
If the initial amplitude is very small, the steady-state will be 
reached in less time than that  required for the initial condi- 
tions shown in Fig. 9. 
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Case B2. In the case just considered the damping was 
due to viscous friction. In the present case Coulomb friction 
is assumed. The inactive zone is the same as assumed above, 
i.e., the output  has a permissible deviation of ± 0n from the 
input before the restoring torques are effective. Except for 
the presence of the inactive range this case is identical with 
case A2. 

Considering first that  the input is moving slowly or not 
at all, a consideration of the motion of the output and the 
forces acting upon it will show that  oscillations damp out 
relatively rapidly, and that  the servo may remain inactive 
much of the time as in the foregoing case. The same uncer- 
ta inty  as to output  position also exists. 

When a constant velocity input is considered, the predic- 
tion of behavior is somewhat more involved. First assume 
that  the initial amplitude of output oscillation is not so large 
as to cause reversal of the output velocity. A cycle of opera- 
tion can then be represented as shown in Fig. Io. It can be 
shown readily that  steady-state operation of this servo- 
mechanism can occur with any amplitude of oscillation for 
which the output velocity is never negative as assumed above. 
This is done as follows: From the differential equations and 
terminal conditions, or by inspection, remembering that  only 
constant accelerations are encountered, the following relations 
are obtained: 

¢Oo - -  o ~  = Wa - -  ¢01, ( 6 8 )  

CO~ - -  ¢02 = 0~3 - -  O~a, ( 6 9 )  

(92 ----- Cdl - -  O~Otl2 , (7  ° ) 

OlOt 2 01 -Iv. r..Oat12 20n,  ( 7 1 )  0 ~  = 01 -t- ~ t : 2  - . ~ 3 4  = 
2 

o~4 = o~3 - -  ~0t34, (72) 

04 =- 02 -~- ¢0at34 - -  -~t342 = 03 -~- War34 -~- 20n. (73) 
z 

The significance of the subscripts i s  indicated in Fig. IO. 
Equations (68) and (69) express the fact that, in uniformly 
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FIG.  IO. 

r r ~-.-,z,. i 

~. ~- . . . .  31  . . . . . . . . . . . . . . . . . . .  ~ . ~  . . . . . . . . . . . . . . . . . . . . . .  , 

7-:7 ! I 
! ~ Resu//an z ~ 7orque J ~'~ i 

O ~ " -~-  , I I / I  

z / 

Torques, and angular velocity and angle of output  for case Be with constant input velocity ~oa and 
no time lag. 

accelerated motion, the average velocity is equal to the aver- 
age of the initial and final velocities. From these six equa- 
tions it can be shown tha t  

~4  = o~o ( 7 4 )  

which wilt prove the s ta tement  made above. To demonstrate  
(74) subst i tute  ~01 from (68) in (70), subst i tute the resulting 
expression for ~0~ in (69) and solve for ~o4. This result sub- 
s t i tuted in (72) gives the following relation between c04 and o~0: 
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~4  = ~ 0  + a 0 ( t , 2  - t~4). 

To prove (74) it is therefore sufficient to show that  

t12 "~ t34. 

This can be done by solving (71) and (73) for t,2 and t34 
respectively, and expressing wl and w3 in the results in terms 
of ~0. 

It  follows then that  the introduction of an inactive range 
in the constant-friction relay servo does not damp out oscilla- 
tions when the input has a constant velocity and the output  
velocity is unidirectional. These conditions are representa- 
tive of normal operation, hence this servo is inherently unsatis- 
factory. To damp out oscillations under these conditions, 
the frictional force must have a component that  varies in 
magnitude as some positive power of the velocity. 

This completes the analysis of the various cases of relay- 
type servo-mechanisms considered in this paper. As this 
analysis has involved a considerable amount of detail, it is 
well to summarize the important results. This is done in 
Table I, which is self-explanatory except for certain of the 
effects of time lag discussed below. These results apply to 
a servo-mechanism in which the output element has inertia, 
and is acted upon by constant magnitude restoring forces, 
and a frictional force of some type. 

C. Effect of Time Lag in Change of Restoring Torque.--A1- 
though in two cases, the effect of time lag in the application 
and removal of restoring torques was treated mathematically, 
a t reatment  of its effect in other cases was postponed for a 
general discussion which will be given here. 

Time lag, as stated before, is the delay between (a) the 
time at  which the restoring torque would be applied or re- 
moved were the relay to act and the resulting torque to build 
up instantaneously wh.en the need for a change is indicated by 
a predetermined discrepancy, between input and output and 
(b) the time when the torque actually becomes effective. This 
time lag may be different for the application and the removal 
of the torque when there is an inactive zone, but it suffices for 
this discussion to consider the combined effect of these two 
time lags. Actually there is always some delay or time lag. 
In some cases it may be so small as to have an insignificant 
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effect upon the action of the servo. In many cases, however, 
its effect is significant. This is demonstrated by the great 
sensitiveness of the viscous-friction damped relay servo to 
time lag, where a small time lag results in a relatively large 
amplitude of steady-state oscillation. On the other hand, a 
relay servo having Coulomb friction is relatively insensitive 
to small values of time lag. These facts have been demon- 
strated for a servo with an approximately constant input and 
no inactive range. 

When the input has appreciable velocity, or a finite inac- 
tive zone, the formal analysis, while straightforward, is some- 
what  cumbersome because of the number of points during a 
cycle at  which the differential equation of motion changes and 
constants of integration must  be re~valuated. In any par- 
ticular case this process can be carried through numerically 
with relative ease. 

A qualitative analysis of the effect of time lag in these 
cases is readily made however. In general the result of a time 
lag in changing the restoring forces is to continue to increase 
the output velocity in a given direction after the instant at  
which this velocity should be decreased. Thus in an ideal 
relay servo with no inactive zone, if the output is ahead of the 
input, but is moving toward the input, the restoring torque 
should reverse in sign at  the instant when the input and out- 
put coincide. From this instant the output is accelerated 
toward the input. When time lag is present, the restoring 
torque acting prior to this instant continues to act for the time- 
lag interval after this instant. During this interval the re- 
storing torque is tending to drive the output away from the 
input rather than toward it. As a result, the overshoot is 
greater than when no time lag is present, and the relative 
velocity between input and output is greater when they again 
are in coincidence than it would have been in the absence of 
time lag. At the time of this second coincidence the time lag 
in changing the sign of the restoring torque again causes an 
increment of output velocity in the wrong direction. The 
net result, as is seen, is to tend to increase the amplitude of 
oscillation. Looked at  in a slightly different way, the im- 
pressed torque, when time lag is present, may be resolved into 
two components,  one with no time lag, the effect of which has 
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been studied in each case, and a second which gives an impulse 
to the output in the direction of its motion, at a time when 
this motion should be retarded. This impulse evidently 
adds energy to the oscillation, a fact demonstrated by the 
results in the two cases analyzed with time lag present. 

The point of real interest is the effect of this increment of 
energy on the steady-state amplitude of oscillation. The 
cases previously considered are divided into two groups with 
respect to this effect. The first group includes the cases where 
positive damping exists as indicated by a zero amplitude of 
steady-state oscillation. The second includes the cases where 
no damping exists as indicated by the indefinite persistence of 
any existing finite amplitude. 

The effect of time lag on the first group is to increase the 
amplitude of oscillation until the friction or damping work per 
cycle due to increased amplitude is equal to the work per cycle 
put into the output as a result of the time lag. This amplitude 
is finite for the cases considered in the first group. 

In the second group time lag results in an amplitude of 
oscillation that  increases until the postulated conditions of 
operation cease to hold. It has been seen that  in the Cou- 
lomb-friction relay servo there is no damping so long as the 
output moves unidirectionally. When the amplitude is so 
large as to cause reversal of the output during some portion 
of the cycle, however, net work is done against friction, and 
positive damping is thereby introduced. Due to time lag, 
then, the amplitude of oscillation wilt increase until the work 
per cycle resulting from time lag is equal to the net friction 
work per cycle resulting from reversal of the output  unless 
something breaks before this limit is reached. Evidently,  
unless the input velocity is so small that  sufficient positive 
damping to overcome the negative damping effect of any time 
lag present can be introduced by a reasonable amplitude of 
oscillation of the output, the second group of servos is quite 
useless for practical purposes. 

The analysis of the operation of relay servos given in the 
foregoing pages has assumed that  the dynamic elements of 
the system under consideration can be reduced to an output 
member that  has inertia, and that  only frictional and con- 
stant-magnitude restoring forces act upon this member. 



Sept., I934.] THEORY OF SERVO-MECHANISMS. 313 

This is the simplest type of  relay servo-mechanism but one 
which includes many practical cases. 

This concludes the discussion of relay-type servo-mechan- 
isms given here, which could, of'course, be almost indefinitely 
extended. Attention will now be turned to the second, or 
definite-correction type. 

DEFINITE-CORRECTION SERVO-MECHANISM, 

Because of the relative simplicity of the operating char- 
acteristics of this type of servo-mechanism no extensive mathe- 
matical analysis will be given. The criteria for nonoscillatory 
response were given under the discussion of general charac- 
teristics of servo-mechanisms. Assuming that  these criteria 
are satisfied, the other important operating characteristics 
are the maximum input speed which this servo can follow and 
its lag error. The maximum input speed is easily found. 

In the definite-correction servo-mechanism, the value of 
the output  is periodically measured to determine whether or 
not it differs by more than half the inactive range from the 
value o f  the input. The time interval between successive 
measurements is a definite quantity,  independent of the man- 
ner in which the input may be varying. As a result of a 
measurement, a definite correction is applied to the output. 
If the time interval is At and the maximum correction that  
can be applied to the output in one interval is A0m, the maxi- 
mum input speed c0~,n that  this servo can follow is evidently 

A0m 
C O i m  ~ , , o 

At 

If this servo is to follow a high-speed input, either A0m must 
be large or At small, or both. At is fixed by the time required 
for the correction to be substantially completed and for the 
measuring device to take up an indication substantially in 
accordance with the corrected value of the output. The lower 
limit for At is then established by design considerations relat- 
ing to the time required for the correction to be effected, and 
to the time constant of the measuring device. 

If only one size correction A0 can be made, then A0 is fixed 
by the permissible error, since, to prevent oscillation, A0 
can be no larger than twice the range of deviation of the out- 
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put from the input over which no correction is applied. This 
limitation can be mitigated by grading the size of correction, 
making the smallest size satisfy the error condition, and the 
largest satisfy the maximum input-speed condition. Of 
course the correction should be proportional to the measured 
deviation, and just sufficient to restore the deviation to zero. 
Nearly all definite-correction servos have this proportional 
correction feature. 

One limitation to which this type of servo is subject should 
be noted. It can follow satisfactorily only those components 
of input velocity that  are sufficiently continuous in a mathe- 
matical sense to make the input velocity approximately con- 
stant over at least two successive time intervals At. That  is, 
the output varies according to a sort of step function in which 
the size of a given step is determined largely by the average 
input velocity during the preceding interval At. If the input 
velocity is sufficiently continuous, this output step function 
will be a good approximation to the input function. In this 
type of servo, however, the output always lags behind the 
input, because a deviation is corrected only after it has oc- 
curred. The input is always one jump ahead. 

The definite-correction servo has a number of advangages 
for certain classes of work. When properly adjusted it is 
non-oscillatory. When the input is constant or varies only 
slowly, the output drive may be inactive for considerable 
periods, thus saving wear and tear. A malfunctioning of the 
servo is more likely to result in inaction than in a racing away 
of the output toward infinity or the limit stop. The relay 
servo is always hunting a balance position, whereas the def- 
inite-correction servo moves only when balance is disturbed. 
In a loose way it may be said that  the relay servo keeps the 
output in equilibrium only by continuous juggling, while the 
output of the definite-correction servo is in static equilibrium. 
This fact makes for long life of the latter. The definite-cor- 
rection servo is, however, somewhat slower than other types 
because of the relatively small fraction of the time during 
which the restoring force can be effective. This slowness 
imposes a restriction upon the field of application rather than 
upon its effectiveness in any application for which it is suitable. 
The definite-correction servo is widely used, especially for re- 
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cording and control in industrial processes where it is normally 
highly successful. 1, 2, 3, 9, lo, 11, 12 

CONTINUOUS-CONTROL SERVO-MECHANISM 

The third type of servo-mechanism, in which the indicat- 
ing element continuously controls the restoring force acting on 
the output element in both magnitude and direction, is per- 
haps the most interesting of the three. General considera- 
tions indicate that  this smooth torque control should be su- 
perior to the somewhat crude "off-on" control of the relay 
servo. Also the continuous use of the input indications 
should be superior to the occasional use of these indications 
characteristic of the definlte-correction servo. Thus the 
continuous-control type appears on casual inspection to have 
inherent advantages over the other two types, especially 
where accurate, rapid following is required. 

The continuous-control type is interesting for another 
reason. Because of their nature, the forces acting in this 
servo are easily expressed mathematical functions of displace- 
ment and velocity. Consequently a thorough-going analysis 
of the performance of this servo is more readily made than of 
the two previous types. 

The analysis given here applies to a servo in which an out- 
put member, which has inertia, is acted upon by restoring and 
damping torques, the restoring torque being a function of the 
deviation between input and output and its derivatives, and 
the damping torque proportional to the output velocity. 
Most continuous-control servos fall into this category. Es- 
pecially in high-speed servos the forces obeying the Coulomb 
friction law are likely to be quite negligible when compared 
with the forces having the effect of viscous friction. 

Two cases are considered in what follows. I n t h e  first, 
the restoring torque is proportional to the input-output devia- 
tion and the necessary damping is secured by viscous-friction- 
law torques. In the second, the restoring force is a linear 
function of the first and second time derivatives of the devia- 
tion as well as of the deviation itself. A third case, not con- 
sidered in detail here because of c~rtain practical limitations 
involved in its utilization in servo-mechanisms, but of interest 
in other similar dynamic systems, is that  in which the first 
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t ime derivative of the restoring torque is a linear function of 
the deviation and its first two time derivatives. Minorsky 4 
treats these last two cases as applied to the rudder-hull dyn- 
amic system of the ship-steering problem. The reason tha t  
the third case will not  be generally useful in servo-mechanisms 
is tha t  this type of control of the restoring torque relies largely 
on the derivatives of the deviation and these derivatives in the 
usual system utilizing a servo-mechanism are not  sufficiently 
continuous to provide smooth operation of the servo. In 
case a servo is used in connection with a large vessel or other 
large inertia system, such a control of servo restoring torques 
might  be attractive.  However, the second-case type of con- 
trol has not  yet  been exploited in servos and until  this has been 
done that  of the third case can wait.  Analysis  of the third 
case is not  difficult and has been carried out  to the point of 
determining the conditions for stability and the nature  of the 
steady-state deviations by Minorsky for the rudder-hull 
dynamic  system.4 A general solution involves the solution of 
a cubic or higher degree equation making the results cumber- 
some at  best. Again, however, numerical solutions for par- 
ticular cases are quite straightforward. 

With this preliminary discussion, a t tent ion is now turned 
to a mathemat ica l  consideration of the first case, in which the 
servo restoring-force control is a linear function of the input-  
ou tpu t  deviation. Expressions for the steady-state and tran- 
sient behavior are derived and a criterion of meri t  for such a 
servo is developed. 

(a) Restoring Torque Proportional to Deviation. 

For this analysis consider the physical system shown in 
Fig. i I. This system correctly represents the dynamic ele- 
ments  of a continuous-control servo on the condition tha t  the 
effect of all inertia and damping torques can be assumed to 
be concentrated at  the ou tpu t  shaft. For many  continuous- 
control servos these assumptions correctly represent the facts. 

The amplifier shown in Fig. 8 has the effect of reducing 
the reaction on the input  of the resilience torque acting on the 
ou tpu t  by the amplification factor. Such amplification in 
some form is nearly always present in this type of servo. I t  
may  take electrical, mechanical or other form but  the net  
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FIG.  I I .  

f/nerNa 

An~ /e Moment o £ /ner~l~ ~" 

Schematic diagram of the significant dynamic elements of the contlnuous-control type servo- 
mechanism. 

effect is the same in any  case. I t  should be noted tha t  the 
amplification factor of the  amplifier affects the resilience con- 
stant,  and to tha t  extent  the amplifier and resilience e lement  
are not  independent  as shown in Fig. I I. 

In the analysis which follows a number  of physical quanti-  
ties not  previously used appear,  hence the nota t ion for this 
analysis will be ent irely redefined. Let  

0i = input  angle (radians), 
00 = ou tpu t  angle (radians), 
0 = 0i - 00 = lag of ou tpu t  with respect to input  (radians), 
k = resilience constant  (dyne-cm. per radian),  
J = momen t  of inertia of servo referred to ou tpu t  shaft  

(gm.-cm3), 
f = damping constant  (dyne-cm. per radian per sec.), 
t = t ime (seconds), 
1 = Heaviside's unit  function, 

d 

~+po.  

c.g.s, units are indicated in parentheses but  of course any  other  
consistent set is equally suitable since no empirical factors are 
used. 

The  equations governing the motion of the elements shown 
in Fig. II are:  

k(Oi- 0o) -fpOo = ]p=00, (75) 

0~ = ~( t ) .  (76)  
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O(t) is some arbitrary function of time representing the input 
motion. These equations may be solved in terms of any of 
the angle variables. The deviation or error angle 0 is of pri- 
mary  interest, and from it and the given el, the output angle 
is readily obtained. Therefore, the solution will be made in 
terms of 0. 
Substituting 

0o = O i -  0 

in (75) gives 

o r  
(k + fP  + Yt~)O - (fP + Yp~)O, = o 

O= f + Y P  
k + f p  + Yp 2pOi" (77) 

To obtain the error angle 0 as an explicit function of time 
some 04 = e~(t) must be chosen for which the error is to be 
determined. An interesting case and one that  imposes a 
severe test on a servo consists in suddenly applying a constant 
velocity to the input, previously at rest. Furthermore, from 
the response to this particular time function, the response to 
any O(t) can be determined by the use of the superposition 
integral? 1 If the magnitude of the suddenly-applied velocity 
is  0~1~ 

poi = wxl. (78) 

This expression in (77) gives 
f 

P + j  
0 = f k 0011. 

P~+ ) P + )  
(79) 

Equation (79) can be evaluated directly from a table of 
operational formulas? 1 To do this the denominator of (79) 
should be written in the form, 

in which 
(p + ~ -  ~)(p + ~  + ~), 

o~ -4- ~ -4- - j . .  (80) 



Sept., I934.] THEORY OF SERVO-MECHANISMS. 319 

Three cases of solution of (79) exist corresponding to positive, 
zero, and negative values of the quantity under the radical of 
(80). Two of these ca~es are of particular interest in this 
problem, the first or critically-damped case for which 

= 0 ( 8 I )  

and the second or oscillatory case for which 

f2 

~ = j 4j~ 
= jqL (82) 

being a real number. The third case for which /3 is real, 
corresponds physically to overdamping. This case is of rela- 
tively minor interest from the design point of view because the 
steady-state lag error is greater and the speed of response less 
than in the critically-damped case, and there are no compen- 
sating advantages in the use of over-damping. 

Although (8I) is a limiting case of (82), the solution of 
(79) using (8I) is somewhat simpler than that  for the oscilla- 
tory case and is therefore given first. Putting (8o) and (8I) 
in (79) there results 

[ P + ~011. (83) 0 =  

From a table of operational formulas,* the time function cor- 
responding to (83) is found to be 

o,] 
Substituting the time constant T for I /a and dividing the 
resulting expression by ~1 T to obtain a dimensionless equa- 
tion, 

0 ( t  ) -(.T) 
. ( 8 4 )  

This equation is plotted as curve I of Fig. 12 in terms of 
the dimensionless variables O/To~l and t/T. These results are 
discussed below in connection with those which will now be 
obtained. 

* Ref. 3x of Bibl., Formulas (7) and (8) of Appendix C. 
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When ¢ is finite and real, the response is oscillatory. A 
solution for this case is important .  Here (79) can be wri t ten 
in the form, 

0 =  p + 2 c ~  ~o11. (85) 
(p + a - j ¢ ) ( p  -t- a + j¢)  

Equat ion  (85) integrates into the form, 

0 = ¢1(t) + 2,xC,2(t). (86) 

By formula * the first and second terms of (86) are found to be 
respectively: 

e l ( t )  601 --at = - -  e sin Ct (87) ¢ 
and 

~2( t )  a2 _~ ~2 I - -  ~sin Ct + c o s  Ct • (88) 

The  lat ter  is obtained after  some algebraic manipulat ion.  
Subst i tut ing (87) and (88) in (86), replacing I / a  by the t ime 
constant  7", and dividing by o~lT to make the expression dimen- 
sionless, there results 

0 2 

,ol 7; = "I + T~4, "~ 

X[I-  c('/r){ cos ¢,t +(  
or in polar form 

I - -  T2q~ ~ 
(89) 

where 

0 2 I 
.._: -~,m sin (¢t + ~), (90) ¢~ 1T I -+- T~@ 2 T4~ e 

27"6 
= arctan • (9  I )  

I - -  ~ 2  

In Fig. I2 (89) is plotted for various values of T¢ as indi- 
cated on the curves 2, 3, and 4. 

* Bibl. 3 I, formulas I7 and II  of Appendix C. 
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FIG. I2. 

2 0  ...... 

TW/ IO 

O5 

0 

{ I  

0 / 2 J 4 5 G 7 6' 
f 
T 

Response of continuous-control  type  servo to a suddenly-applled cons tant  input  veloci ty.  
Curves  of inpu t -ou tpu t  devia t ion  as aqunct ion  of t ime  wi th  the  re la t ive  damping  3 '2 as a paramete r .  
Dimensionless  var iables  are used making these  curves appl icable to a servo wi th  any constants .  

Before discussing the curves of Fig. I2, it is of interest to 
have it single quant i ty  which characterizes the degree of os- 
cillation in the servo response. One such quantity, which 
may be called the relative damping factor, is defined by 

.g2 f2  
= - -  ( 9  2 )  4Jk 

From the values of T and q~ in terms of f, k, and J it is easily 
shown that  

I 
a}/2 ~ , 

I AV T2¢ 2 (93) 

From the condition for critical damping, that  q5 = o, it will be 
seen that  75 = I characterizes this case, while for less than 
critical damping 

,},2 *( I .  

For large values of tiT, that  is when the steady-state has been 
reached, the substitution of (93) in (89) or (9o) yields the 
following very simple relation between the steady state lag 
angle 0~ and the impressed velocity oal: 

VOL. 218, NO. I305--23 
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08 = 272Twa.  (94) 

The implications of equations (84), (89) and (94) will now 
be considered with the aid of Fig. I2. Several interesting 
facts can be deduced. 

In the first place, the steady-state lag error is shown to be 
proportional to the t ime constant  T,  to the angular velocity 
col of the input, and to the relative damping factor ~,2. This 
shows tha t  a servo with a high speed of response, i.e., a small 
t ime constant  T, is inherently more accurate than a slower 
servo. This is true not  only for the particular input  function 
investigated here but  for any form of 0~ = ~(t) because the 
factor T is carried through the evaluation of the superposition 
integral used to obtain the error for any  ~(t). 

The  significance of the relative damping factor ~,2 can 
perhaps best be seen by reference to Fig. I2. "1, 2 characterizes 
the form of the deviation or error curve, that  is, the amoun t  of 
overshoot and persistence of oscillation. A small 7 ~ corre- 
ponds to a large overshoot and subsequent  oscillation. A 
small 72 also results in a small s teady-state error. In design- 
ing this type of servo for small error, it is evident  tha t  some 
compromise must  be made between the tolerated error and 
the amount  of oscillation permitted.  For tunate ly  the steady- 
state error can be very materially reduced by using a small 72 
without  introducing a very large overshoot. In certain appli- 
cations, however, where the input  may  contain periodic com- 
ponents of a period comparable to tha t  of the natural  period 
of the servo, an aperiodic adjustment ,  i.e., ~,2 = I, may  be 
necessary. 

From the design point  of view perhaps the most  impor tant  
deduction from these equations follows from the establishment 
of a figure of merit  for servos. Suppose this figure of meri t  is 
arbitrarily taken as the product  of the numerical  measure of 
two desirable properties of a servo-mechanism. One of these 
factors is taken as the maximum attainable speed COm. The 
other is taken as the smallness I/08 of the steady-state error 
0 expressed as a fraction of the total angle COl turned per unit  
time, or COl/08. Let  the product  of these two factors be the 
figure of meri t  M thus:  

501 
M = com O- ~ • 
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It  has been seen that  0 is proportional to 60 in the steady-state, 
hence values corresponding to the maximum speed may be 
used and 

M - -  60m2 
0m ' (95) 

where 0m is the steady-state error at the speed 60~. The ex- 
pression for M can be written in terms of the design constants 
k, f, and J as follows: From (94) using 601 = 60,~, 

~m I 

Om - -  2"y2T ' 

60,. ~ kOm rm 

- 4 - 4 r : =  ' 

and 

(96) 

where rm is the maximum torque that  can be applied to the 
output  element. Taking (95) as a measure of the desired per- 
formance of a servo-mechanism, equation (96) shows that  in 
design, the ratio of the maximum torque rm to the moment of 
inertia J should be as large as practicable. It also shows that  
the relative damping should be as small as can be permitted. 
These are important results as they give a very definite guide 
for design. 

In the companion paper above referred to this criterion is 
used as a basis for design. Tests of the servo thus designed 
show very fast response and an excellent agreement between 
test and calculation. 

(b) Restoring Torque Proportional to Deviation and its First Two Time Derivatives. 

The second case of the continuous-control servo will now be 
considered, the case in which the restoring torque is a linear 
function not only of the deviation 0 but of its first two time 
derivatives. Let the restoring torque T be given by the fol- 
lowing relation : 

r = (k + lp + m p  2)(0, - 00), (97) 

where l and m are constants of proportionality. 
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Consider the response to a suddenly-applied input velocity 
~01 just as in the first case. Using (97) in the differential equa- 
tion of motion, the operational expression for the deviation 
or error angle 0 is 

J f 
Yl p +  Z 

0 = (1 k toil ,  (98) 

P~ + ~P  + J1 
where 

f l =  l + f ,  
(99) Jl  = m -t- J. 

Redefining a and 4 in terms of the parameters of the denomin- 
ator of (98), 

fl 4- ~ /k  fi  e ( I oo) 
/ 

a ± j q ~ = 2 j - ~  Z 4J~ e 

and evaluating (98) as an explicit function of time in the same 
way that  (85) was evaluated gives the following expression 
for the deviation or error angle 0: 

= JlOL 2 ~_ I -4- a t  - - - - f - -  

f o r  the critically-damped case, i.e., for q~ = o ,  or 

~olf 
Jl(o~ + ~e) 

= 

X [ I -- e-"t { cos 4t - J(°~ --}- d~2) - afsin Ct } ] (Io2) 
fe 

for the oscillatory case, i.e., for ¢ finite and real. 
These are very interesting results for they show that  the 

steady-state error of this servo can be made zero by making 
the factor f zero. f is the coefficient of damping for the vis- 
cous-friction torque acting on the output. Although this 
damping is made zero, the servo operation can be made aperi- 
odic or oscillatory in any desired degree by the damping effect 
introduced by the component of restoring torque depending 
on the first derivative of 0. By this method the damping 
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effect is due not to the velocity pOo of the output but to the 
relative velocity po of the output with respect to the input. 
The magnitude of this damping is proportional to the coef- 
ficient l in (97). Physically the torque corresponding to the 
term lpO in (97) is readily introduced, when a d-c. vacuum- 
tube amplifier is used, by an inductance component of inter- 
stage coupling. 

The effect of introducing a component of restoring torque 
proportional to the relative acceleration of output and input, 
i.e., of introducing the effect represented by the term rnp20 
of (97) is only to alter the equivalent output inertia from the 
actual inertia J to an equivalent value J1 = J + m. By 
making m negative numerically, the equivalent inertia can be 
given any value positive or negative. Negative values evi- 
dently are barred practically because the coefficient of the 
exponent in the transient-term exponential would be positive 
and the servo would be unstable. So long as m > - J ,  
however, the system will be stable assuming of course that  

f l = f  + l > o .  

Subject to the above conditions for dynamic stability, a given 
servo with adjustable coefficients l and m can be made arbi- 
trarily accurate, and fast in the sense that  transient effects 
disappear rapidly, by giving suitable values to l and m. 
This is a very important result. 

Physically the effect of a coefficient m can be introduced 
in a d-c. vacuum-tube amplifier by the use of two successive 
inductive interstage couplings. A negative m is secured by 
reversing the sense of one of these couplings. Mechanically 
these coefficients l and m could presumably be introduced by 
suitable viscous friction and inertia couplings respectively. 
Gyroscopic methods could also be applied to this end. 4 

The results of the analysis of this last case open up a great 
opportunity for improvement in the performance of servo- 
mechanisms of the continuous-control type. At sufficiently 
high speeds of response, however, the dynamic system of a 
simple servo-mechanism fails to reduce to the system postu- 
lated in this analysis and the analysis no longer applies. This 
fact sets one limitation upon indefinite improvement. An- 
other important practical factor is that  of stability of opera- 
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tion which may fix a limit below which the effective inertia 
cannot be reduced. Nevertheless, very real gains in the 
performance of even present high speed response servos using 
deviation control should be possible by the addition of devia- 
tion derivative control. 

SIMILAR DYNAMIC SYSTEMS. 

Earlier in the paper it was stated that  although the an- 
alyses were made in terms of rotation, they could be applied 
without change to a dynamically similar system involving 
translation, electric currents, etc. As an example of this 
parallelism an electric circuit which is equivalent to the 
continuous-control servo analyzed is shown in Fig. 13. Using 

T 
e 

~ L  

FIG. 13. 

S i 
Electric circuit equivalent to continuous-control servo-mechanism. 

the parallelism shown in Table II it is seen that  the charge on 
the susceptance S is analogous to the servo error. 
Thus, writing the operational expression for q~, the charge on 
the condenser, there results) 1 

e CZ(p) 
q ~ = S =  S 

(r + pL) S 
I p .  

= S  S ~ r + p L + ~  
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Quantity. Rotation. Translation. Electric Circuit. 

D i s p l a c e m e n t .  
Velocity . . . .  
Accelera t ion 
Force 
I n e r t i a .  

Resi l ience .  

Loss constant . 

T i m e  . . . .  

Angle 0 
po 

p~o 
T o r q u e  r 
Moment of 

ine r t i a  Y 
Spr ing  con- 

s t a n t  K 

Viscous 
fr ict ion f 

t 

D i s t ance  x 
px 
p~x 

Force  F 
Mass M ,  

Spr ing  con- 
s t a n t  K ,  

Viscous 
fr ict ion f ,  

t 

Charge q 
C u r r e n t  i 

pi 
e.m.f ,  e 
Inductance L 

Elastance 
I 

S 
capac i tance  

Resistance r 

r + p L  
S + rp + L p  2i" (Io3) 

The resemblance of (lO3) to (77) is evident, remembering 
that pq = i. If the current i is taken as 

i = 11, (io4) 

where I is a constant, (lO3) can be written 
r P+y  

q* = r S 11. (lO5) 
 +ZP+Z 

Equation (lO5) has solutions of exactly the same form as 
(84) and (89) but in terms of the electrical quantities corre- 
sponding to rotational quantities as shown in Table II. 

The translational problem is strictly analogous to the 
rotational problem so it is unnecessary to go into details of the 
analogy here. 

As mentioned before, the rudder-hull dynamic system 
involved in the automatic steering of ships is similar to the 
servo-mechanisms here analyzed. These examples suffice to 
illustrate the correspondence between analogous systems. 

ANALYSIS OF OTHER SERVO-MECHANISMS. 

In the foregoing analysis of servo-mechanisms, a dynami- 
cally simple system was assumed both because most servo- 
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mechanisms are adequately represented by this system and 
because this system is readily analyzed. This system con- 
sists of an output element having inertia, and acted upon by a 
frictional force of some type and a restoring torque which is 
some function of the input-output deviation. 

For servo-mechanisms involving additional dynamically- 
significant elements, the analysis will be somewhat more com- 
plex. The differential equations of motion will, in general, 
be of higher order than the second and hence somewhat more 
lengthy algebra will be involved in their solution. The 
method of formulation is, however, essentially the same as 
that  used here. 

In the case of the continuous-control type of servo; the 
procedure is easily stated. By writing the differential equa- 
tions of motion, a relation between the deviation angle 0 
(using rotational terms as illustrative), the input angle 0~ and 
the time derivative operator p of the form, 

o = F(O,, p) ,  

can be obtained. Equations (77) and (98) are of this form. 
Operational methods of evaluating such expressions as ex- 
plicit time functions such as (89) and (io2), due to Heaviside 
and later workers,* are sufficiently well developed so that  the 
process is one of routine algebra for equations resulting from 
lumped-parameter systems. Practically all servo-mechan- 
isms will be included in this class. Numerous distributed 
parameter systems can also be treated but may involve more 
than algebraic work. For lumped-parameter systems the 
greatest difficulty is likely to be associated with the determina- 
tion of the roots of higher degree algebraic equations in one 
variable, a cumbersome but straightforward process numeri- 
cally. Such an analysis presupposes constant parameters, i.e., 
a linear system, an assumption widely justified particularly 
for the small variations which are usually of primary impor- 
tance. 

It should also be mentioned that  entire closed-cycle control 
systems are dynamically similar to servo-mechanisms and-  
their operation is investigated by the same methods. Often a 

* See ref. 3I for these methods and references to other works on the subject. 
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closed-cycle control contains a servo-mechanism. If the t ime 
constants of the servo and of the system being controlled are 
widely different, it is often possible to simplify the problem 
considerably by analyzing the two parts separately. Other- 
wise the equations of the entire system must  be solved as a 
unit. 

CONCLUSIONS. 

In this paper the performance of three impor tant  types of 
servo-mechanisms has been analyzed. These types include 
the relay servo, the definite-correction servo, and the con- 
tinuous-control servo. 

The first or relay type is always oscillatory in response to a 
varying input  but  under certain conditions the ampl i tude of 
oscillation and lag error can be made small. If unidirectional 
motion occurs, the presence of Coulomb friction alone will not  
damp out  an initial ampli tude of oscillation. Time lag in the 
application of the restoring forces tends to increase the ampli- 
tude of oscillation. 

The  second or definite-correction type is aperiodic in opera- 
tion when properly adjusted and is quite suitable for use with 
slowly varying quantities. There is a slight lag error. 

The third or continuous-control type is probably the best 
type where high-speed response and smoothness of control 
are required. This type can be made to have a response which 
is aperiodic or oscillatory with any given decrement,  by suit- 
able design and adjustment .  By using the first and second 
derivatives of the deviation of the ou tpu t  from the input, as 
well as the deviation itself, to control the restoring force applied 
to the output ,  a very high rate of response and a very small 
steady-state deviation should be attainable. This type of 
servo has the advantage of being susceptible to rather easy and 
complete analysis. Tests on a high-speed of response servo 
of this type with deviation control alone show an excellent 
check with the theory. The design and test of this unusual ly  
fast servo are given in a companion paper. 
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